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Il - HE BAT PHUONG TRINH BAC NHAT HAI AN
a) Tim GTLN véa GTNN ctia biéu thiic F(x,y)= ax + by frén mét mién da gidc

3x—-y+3>0
Vi du: Xac dinh mién nghiém ctia hé bat phuong trinh { —2x+3y-6<0 (I)
2x+y+4>0
Yo d Giai

Trude hét, ta v& ba duong thing
(d,):3x—y+3=0
(d,):-2x+3y—-6=0
(dy):2x+y+4=0

8]

~

Thir tryc tiép ta thiy (0;0) 1a nghiém cia ca ba bat

! fw

=

phuong trinh. Didu d6 co nghia 1a gbc toa do thude

wdrydu

ci ba mién nghiém cua ba bat phuong trinh ctia hé

(I). Sau khi gach bo cac mién khong thich hop, mién

khong t6 dam trén hinh (khong ké bién 1a mién

ds nghiém cua hé (I).

b) Tim cuc tri biéu thiic F = ax + by trén mét mién da gide

Cac budc 1am bai

Bude 1: Dat 4n s6 phu x va y tuong ing véi cac dai lvgng ma dé bai cho.

Budre 2: Thiét 1ap cac diéu kién cho x va y va biéu thirc can tim gié tri 1on nhit (hodc nho
nhét) phu thudc vao x va y .

Bude 3: Dit tat ca cac diéu kién ciia x va y 1a ciing mot hé. Biéu dién mién nghiém ctia
hé trén.

Buéc 4: Tim dinh cua mién nghiém cda hé trén.

Bude 5: Tinh gia tri cta biéu thirc cAn tim gié tri 16n nhit (hodc nho nhét) tai cac dinh ctia
mién nghiém rdi chon ra gia tri 16n nhit (hodc nhoé nhét) theo yéu cau cia dé bai.
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¢) Ap dung vdo bai todn kinh t&

Vi du: Ngudi ta dy dinh ding hai loai nguyén liéu dé chiét xuat it nhat 140 kg chit A va 9
kg chat B . Ttr moi tan nguyén li¢u loai I gia 4 tri¢u dong, co the chiét xuat dugce 20 kg chat
A va 0,6kg chat B. Tt moi tan nguyén li€u loai II gid 3 triéu dong, cé thé chict xuat dugc
10 kg chat A va 1,5kg chit B. Hoi phai ding bao nhiéu tin nguyén liéu mdi loai dé chi phi

mua nguyén lidu 1a it nhit, biét ring co s& cung cap nguyén lidu chi co thé cung cép khong
qué 10 tAn nguyén liéu loai I va khong quéa 9 tan nguyén liéu loai I1?

Phén tich bai toan: Néu sir dung x tdn nguyén liéu loai I va y tin nguyén liéu loai II thi
theo gia thiét, co thé chiét xuit dugc (20x+10 y) kg chit A va (0, 6x+15 y) kg chit B .

Theo gia thiét, x va y phai théa man cac diéu kién:

0<x<10 0<x<10
0<y<9 0<y<9
20)6-1—10)/2140<:> 2x+1y =70
0,6x+1,5y>9 2x+5y2>30

Téng sb tién mua nguyén liéu 1a T(x;y) =4x+3y .

Bai toan da cho tré thanh:

0<x<10
X £ \ N 1 A1A X 0<y<9

Tim cac sO0 x va y thoa man hé bat phuong trinh sao cho T(x;y) =4x+3y
2x+y =14
2x+5y 230

¢6 gié tri nho nhat.

Dé giai bai toan nay, ta thira nhan rang biéu thirc Y,

T(x;y) c6 gia tri nho nhat (hodc 16n nhat) va gia %

tri éy dat dugc tai mot trong cac dinh cta tr giac
ABCD. Bing cach tim toa d6 cac dinh A, B, C,

D rdi so sanh céc gi4 tri tvong ing ctia T (x; y) ,

y=9 A

Mién nghiém
ta duge T(5;4)=32 la gia tri nho nhét.
Vay dé chi phi nguyén lidu it nhét, can sir dung 5

tan nguyén liu loai I va 4 tan nguyén lidu loai I
(khi d6, chi phi tong cong 1a 32 tridu dong).

Mién nghiém la mién mau trang trén hinh vé
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Il - HAM SO BAC HAI
1. Ham sd béc hai
Codang: y=f(x)=ax’ +bx+c (a#0). D0 thi la parabol (P) véi:
® Dinh: I(—i;—A]
2a  4a

® Tryc doi xung: x =——
2a

® Bé 16m quay Ién trén néu a > 0, quay xudng dudinéu a <0.

e Cach fim toa dé dinh béng CASIO:

Chon tinh nang giai phuong trinh bac hai

=] T
, A< Hiu+o
Vi du: Tim toa d6 dinh ciia ham s6 y = x> —2x-3: 1x2- 2
Bim: (W) (9) (2 (2 -3
] i
Min rc/)f y=ax3+l;§:+c
. X=
Bam: (5 (& & (E
1
Viy toa do dinh ciia ham s6 y =x* —2x-3 1a 1(1;—4) Min f(’)?- y=a£2+b;:+c
y:
-4

Chu y: Néu phuong trinh ax’ +bx+c =0 c6 hai nghiém x,, x, thi (P) ¢t truc hoanh tai

hai diém c6 hoanh d6 13 x,, x, .

a>0 a<0
yp iy
i b S:J A
1T=—— o=
| 20 y=ar’+bz+c/ 1y 4o
1 E T2 x
i o
i o i
z1\ [0 ) z:_if
! 2a,:
ANE T Sy=az’+br+c i
4a 7:5 |
. A b A b
mny=--—<<x=—— maxy=—<o X =———
R 4a 2a R a 2a
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2. Nghiém cua phuong trinh bac hai
Xét phuong trinh bac hai ax’ +bx+c=0 (a#0).

. . . b
Biét thirc: A = b> —4ac ; biét thitc thu gon: A'=5b"> —ac véi b' = 5>

TH1: A>0 (A">0)

Phuong trinh c6 2 nghiém phan biét: x =

—hA {x:—b'i\EJ

2a a

TH2: A=0 (A'=0): Phuong trinh c6 nghiém kép x = —2i (x = —b—j
a a

TH3: A <0: Phuong trinh v6 nghi¢m.

3. Khodng déng bién, nghich bién clia ham sé bdc hai

Cho ham s6 bac hai y=ax’ +bx+c (a#0).

a>0 a<0
b b
x —00 e “+00 x —0 . +oo
2a 2a
+00 +00 A
4a
Y \ / Y
A
" 4a —00 —00

V6i a > 0thi ham s6 nghich bién trén khoang [—oo;—zij ;
a

ddng bién trén khodng (_;;ﬂoj
a

V6i a < 0 thi ham sb ddng bién trén khoang (—oo;—zi) :
a

nghich bién trén khoang [—Zi;+ooj
a
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IV - HAM SO LOGARIT

Dinh nghia:

Ham sb y=log, x, (a >0, a# 1) dugc goi 1a ham 56 logarit co 6 a.

y=log, x,a>1

y=log, x,0<a<l

1. T4p xéc dinh: (0;+0).

Tapgiatri: T=R.

1. T4p xéc dinh: (0;+0).

Tapgiatri: T=R.

2. Su bién thién

 Ham sb dong bién trén (O;+OO) .
® Gidi han dac biét:

0" X—>+o0

® Tiém can:

Oy latiém can ding.

lim log, x = —o0, lim log, x =+4o.

2. S bién thién

® Ham sb nghich bién trén (0; +OO) .

® Gi6i han dac biét:

lim log, x = 400, lim log, x =—o.

x—0" X—>+0
® Tiém can:

Oy latiém can ding.

3. Do thi 3. Do thi
(0
Y y=log,z (a>1)
| I S 1t
! i\ 1
|
o /1 a z o @ v

y=log,x (0<a<1)

Db thi cia ham sb logarit y =log, x, (a >0, a# 1) luon di qua cac diém (l;O) va (a;l),

nam phia bén phai truc tung.
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Mai lién hé giilta dé thi ham mi va dé thi ham logarit
Do thi clia cac ham s6 y =a* va y=log, x (a >0, a# 1) d6i xtmg voi nhau qua duong

thang y = x.

So sanh hai logarit
Cho O0<a=1 va b, c>0.Khido:

®Véia>1:log,b>log,cb>c.

®Véi 0<a<l:log, b>log,c=>b<c.

V - MOT SO BAI TOAN LAI SUAT, BAI TOAN THUC TE

1. Bai toan lai kép

e Guri vao ngan hang s6 tién 1a 4 ddng, v6i 1ai sudt 1a # trén mot ki han.

® Sau 7 kihan (n>1),sb tién ca von 1an 1ai la: 7= A(1+r)".

2. Bai toan tién gti hang thang

* Hang thang giri vao ngan hang s6 tién 1a 4 ddng (giri dau thang) véi ldi sudt hang thang

la r.

® Tong s tién sau n thang (n>1) la: T:£(1+r)[(l+r)" —1]
r

3. Bai toan vay tra gép

® Vay vén A ddng, 1ai sudt mdi thang 1a 7, mdi thang tra a ddng (tra cudi thang).

® S6 tién no con lai sau n thang (n>1) 1a: 7= A(1+7r)" —ﬁ[(l+r)” —1]
r
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4. Bai todn gui ngan hang va rit tién gdi hang thang
e Guri ngan hang s6 tién 1a 4 dong voi 13i sudt r% /thang. Mdi thang vao ngay ngan hing
tinh 13i, rat ra s6 tién 12 a dong.
A oA \ . , 5 n (1 + r)n -1
® SO tién con lai sau n thangla: T=A(1+r) —a—"—.
r
5. Bai toan tdng luong
e Luong khoi diém 12 4 ddng/thang. Ctr sau n thang thi lwong duoc ting thém 7% /thang.
k
(1+r) -1

7

VI - PHUONG TRINH MU

1. Phuong trinh mii co ban
Phuong trinh: @* =b (a>0, a#1)

®V6i b>0,taco: a* =b<|x=log,b|.

® Véi b <0, phuong trinh da cho vo nghiém.

® Téng s6 tién nhan dugc sau kn thang la: S,, = Ak

2. Bién ddi, quy vé cling co sé

Néu a > 0;a#1 thi phuong trinh: |a’™ = ¢*") & f(x)=g(x)

3. bat an phu

f(x) f(x)

Loai 1. Phuong trinh dang ma”’" +na’" +p=0.

e Tadjt t=a’" (1> 0) dua vé dang phuong trinh 4n t ta dugc: m.t* +nt+p=0.

f(x) f(x)

e Véi phuong trinh: m.a®™ +n.a® + p.a’™ + ¢ =0 ta ciing dit ¢ =a’" (t>0) dua vé

phuong trinh bac 3 dbi véi an ¢.
Loai 2. Phuong trinh dang

m A0 (4B)" 4+ p.(B)'" =0 ().
e Chia 2 vé ctia phurong trinh (2) cho (B)zf(x) ta duoc :

) 2/(x) A Ay
PT & m A+ n(4B) +p.(B)" =0 & m(Ej +n(Ej +p=0

4
'Détt:(gj (t>0) suyra mt* +nt+p=0.
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4. Logarit héa
Thuwong ding khi phwong trinh khéong dwa dwoc vé cing co sé
O<a=zl,b>0

® Phuong trinh ¢’% = b <
f(x)=log, b

® Phuong trinh

VII - PHUONG TRINH M0

1. Phuong trinh co bén

La phuong trinh c6 dang log, f(x) =log, g(x) (1) , trong do f(x) va g(x) la cdc ham

s0 chtra an x can giai.

Cach gidi
a>0;a#1
* Didu kién: 4 f(x)>0
g(x)> 0
e () e f(x)=g(x).
Chu y:

® V6i dang phuong trinh log, f(x)=b< f(x)=

* Day lily thira bac chin: |loga x*" =2nlog, x|| ,néu x>0 thilog, x* =2nlog, x

® Vi phuong trinh sau khi bién d6i dugc vé dang

B g(x)=0
f(x)=g(x) {f(x):[g(x)jz'

2. Pat an phu

Phuong trinh dang |m. [log f(x J +n.log, f(x)+p=0

a>0;a=#1
f(x)>0

e Ta dit 1 =log, f(x) . Phuong trinh tr& thanh: m.® +ni+p=0.

e Pidu kién {
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3. Phuong phdap mi héa
Thuwong ding khi phwong trinh khéng dwa dwoc vé ciing co so

Phuong trinh log, [f(x)] =log, [g(x)] (véi a>0;a#1).

® Ta dit log, [f(x)] =log, [g(x)] =t= {

—» phuong trinh mii 4n 7.

® Str dung tinh don diéu ctia ham sé hodc dat 4n phy dé giai phwong trinh mii 4n 7.

VIII - BAT PHUONG TRINH MU

1. Bat phuong trinh mi co ban

Xét bat phuong trinh , (a>0,a=1).

® Véi a>1 thi bat phuong trinh

a">b®x>logab|.

® Vi 0<a<1 thi bt phuong trinh

a">b<:>x<logab|.

2. Pua vé ciing co s6

Xét béit phuong trinh [a/® > a*@].

e Néu a>1 thi o’ >a*") & f(x)> g(x) (cung chiéu khi a>1).

e Néu 0<a<1 thi o’ >a*" & f(x)<g(x)(nguoc chidukhi 0<a<1).
® Néua chira én thi o’ > a*") & (a-1).[ £ (x)-g(x)]>0

3. Logarit héa
Thuwong diing khi phwong trinh khong dwa dwoc vé cing co sé

Xét bit phuong trinh dang: |a”™ > b5 | (%) (v6i a = 1;b > 0).
e Lay logarit 2 vé v&i co s6 a >1 ta duoc:

(*) = log, ' > log, b*") & f(x) > g(x)log, b.

e Liy logarit 2 vé v&i co sb 0<a <1 ta dugc:

(*) = log, ' > log, b*" & f(x) < g(x)log, b .
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IX - BAT PHUONG TRINH MU

1. Bat phuong trinh logarit co ban

Xét bat phuong trinh [log, x > b| (a>0,a #1).
®Néu a>1 thi log,x>b<=x>d" .
e Néu 0<a<l1 thi log,x>b<0<x<a’.

2. Pua vé ciing co sé

Xét bat phuong trinh |loga f(x)>log, g(x)| (a>0,a#1).

* Néu a >1 thi log, f(x)>log, g(x) < f(x)>g(x) (ciing chiéu)
*Néu 0<a<l thi log, f(x)>log, g(x) < f(x)<g(x) (nguee chidu)
f(x)>0;g(x)>0
(a=1)[f(x)-g(x)]>0

Bai toan 1:

® Néu a chira an thi log, f(x) >log, g(x) <= {

Tim tham sé m d&é f (x;m) =0 c6 nghiém (hodc c6 k nghiém) trén mién D.

Bude 1:

® X¢t phuong trinh hoanh dd giao diém cua hai dd thi ham sb va co lap m , dua vé dang:
S(x)=m (1)

® S nghiém cua (1) chinh Ia sb giao diém cua @6 thi ham sb y=f (x) va dudng théng
y=m.

Buée 2: Khao sat ham s6 y = f(x) bang CALC - TABLE

® Tim TXD ctia ham s /'(x) rdi CALC ([GAL)) céce gia tri déic biét dé phac hoa dugc db thi
hamsb f (x) chinh x4c nhét:

x> —0: X =10° (Dbi v6i ham mii: X=10)

X o> 400 X =-10° (Pbi v6i ham mii: X =-10)

Diém khong xéac dinh ciia ham sé f (x) :

XX X=x,-10" va x > x; : X=x,+10"
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* Dung TABLE ([EN) (8)) d¢ khdo sat d6 thi ham sé y = f(x). Quan sit bang gi4 tri dé
phac hoa d thi ham s& f'(x).

Chu y:
® Ta cin dwa may vé ché d6 1 ham: () (B ® ® (1 (1D
—0=-10
® Quy udc khi nhap Start va End trong TABLE: {Jr 10
00 =

® Véi bai toan tim gid tri cia m dé bai toan c6 nghiém thi di€u kién cua m la:

|min f(x)<m<max f (x)| (khong can v& BBT chi can ding TABLE dé tim Min va Max

ctia ham s f(x))

Bai toan 2:
Tim tham sé m dé f(x;m) >0 hoac f(x;m) <0 c¢6 nghiém trén D.

Buée 1. Tach m ra khoi bién sé x va dua vé dang m > f'(x) hogc m < f(x).
Buéc 2. Khdo sat ham s6 y = f(x) bang CALC - TABLE

® Tim TXD ctia ham sé f(x) r6i CALC ([CAL)) céc gid trj ddc biét dé phac hoa duge dd thi
ham s6 f (x) chinh xac nhét:

x> —0: X =10° (Dbi v6i ham mii: X=10)

X > 400 X =-10° (Pbi v6i ham mii: X =-10)

Piém khong xac dinh ctia ham s§ f (x) :

X=X, X=x,-10" va x - x;: (A X =x, +10”

* Dung TABLE (W) (8)) dé khdo sat d6 thi ham sb y = f(x). Quan sat bang gia tri dé
tim mgnf(x) hodc m[e)le(x).

Budre 3. Dya vao bang bién thién dé xac dinh gié tri ciia tham s6 m dé bat phuong trinh c6
nghiém:

° me(x) ¢6 nghiém trén D < mSm’%xf(x) .

® m=> f(x) c6 nghiém trén D < mZmian(x) .

* m< f(x) nghiém ding Vxe D < mﬁrgiglf(x)

® m>m nghiém ding Vxe D < mZm%xf(x).
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Il - HAM sO BAC BON TRUNG PHUONG

1. Cuc tri ham sé triing phuong
(C):f(x) =ax' +bx* +c (a # 0)

Dao ham: y' =4ax’ +2bx . Khido y'=4ax’ +2bx=0<|
X =

Ham so trung phuong c6 1 di€ém cuec tri hodc c6 3 diém cuc tri

2a

\ A 7 R . 3 [N b A A ~ 7
* Ham s6 ¢6 1 diém cwe tri < y' =0 c6 1 nghiém < x> = —— v6 nghiém hoic c6

nghiém bang 0 @—;SOQabZO.

a

2a

. 2 . . b
* Ham s0 ¢6 3 diém cwe tri < y' =0 c6 3 nghiém phén biét < 5. >0 ab<0.

Ham so0 ¢o6 1 diem cuc tri

<ab>0

a

Ham s0 ¢6 3 diem cue tri

<ab< 0

Ham s6 co ding
1 diém cuc trj va
diém cuc trj do 1a
diém cuc tiéu

a>0
=
b>0

Ham sb c¢6 dung
1 diém cuc trj va
diém cuc trj d6 1a
diém cuc dai

a<0
=
b<0

Ham s6 ¢6 2 diém cuc
ti€u va 1 diém cuc dai

a>0
p=
b<0

Ham s6 ¢6 1 diém cuc
tiéu va 2 diém cuc dai

a<0
=
b>0

2. M6t 6 diéu kién lién quan cdc diém cuc tri ctia dé thi bac ban tring

phuong

Gia sir d6 thi ham s& y = ax* +bx* +¢ ¢6 3 diém cuc tri

A(0;¢), Bl - /—i'—A ,C /—i;—A tao thanh tam gidc ABC véi
2a  4a 2a  4a

64
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Dir kién Cong thire
1. Tam gidc ABC vuodng can tai A 8a+b’=0
2. Tam gidc A4BC déu 24a+b’ =0
_— a
3. Tam giac ABC c¢6 gbc BAC =« 8a+b’.tan® " 0
4. Tam gidc ABC c6 dién tich S, ,,. =S, 324° (S,) +b° =0
bS
5. Tam gidc ABC c6 dién tich max S =S, S, =|-
324’
bZ
q o =
6. Tam giac ABC c6 béan kinh dudng tron noi ticp 7, ,. =7, alal| 1+ ]1 b’
@ 2
8a
7. Tam gidc ABC c6 d6 dai canh BC =m, amg +2b=0
8. Tam giac ABC c6 d6 dai AB=AC=n, 16a’n; —b* +8ab =0
9. Tam gidc ABC v6i 2 diém cuc tri B, C € Ox b2 —dac =0
10. Tam gidc ABC c6 3 goc nhon b(Sa +b3) >0
11. Tam gidc ABC c6 trong tim O b* —6ac =0
12. Tam gidc ABC c6 truc tdim O b’ +8a—4ac=0
13. Tam gisc ABC c6 ban kinh dudng tron ngoai tiép | , _b°—8a
Ry =R 8|a|b
14. Tam gidc ABC cung diém O tao hinh thoi b*—2ac=0
15. Tam gidc ABC c6 O la tam duong tron noi tiép b* —8a—4abc =0
16. Tam gidc ABC c6 O la tim dudng tron ngoai tiép b* —8a—8abc =0
17. Tam giac ABC c6 canh BC =kAB = kAC bk —8a(k2 —4) =0
1§. Truc hoanh chia tam giac 4BC thanh 2 phan c6 dién tich b =42 |ac|
bang nhau
19. Ba diém cuc tri 4, B, C cach déu tryc hoanh b*—8ac=0
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IV - HAM SO PHAN THUC BAC NHAT/BAC NHAT
1. Cac dang dé thi

\ £ 1A . 1A Aioa 1A £ ax+
Ham so6 phan thtrc bac nhat trén bac nhat y = p
X+

b (ciO, ad—bc;éO)

S

ssstudy
o o

ad —bc>0

Y

- Nam bén phai Oy : ¢d <0.
- Trung voi Oy : d =0.

1
1
1
1
{—
[0 \ ©
1
|
2. D&u hé sé
A A d A a
Tiém can dung x=—— Tiém can ngang y=—:
c
- Nam bén trai Oy : ed >0. - Nam phia trén Ox: ac>0.

- Nam phia du6i Ox: ac<0.

- Trung v6i Ox: a=0.

-Nam bén trdi Oy : ab>0.
- Nam bén phai Oy : ab<0.
- Thudc truc Oy : b=0.

Giao diém véi truc hoanh Ox: A[—é;oj:
a

Giao diém véi truc tung Oy : B[O;

- Nam phia trén Ox: bd >0 .
- Nam phia duéi Ox: bd <0.
- Thudc truc Ox: b=0.

b

;)

Nhan biét tinh don diéu:
- Hai nhanh di 1én: ad —bc > 0.

- Hai nhanh di xubng: ad —bc <0.
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3. Tinh don diéu

. . ax+b
Tim m dé ham so phan thuc y =
cx+

(c #0, ad —bc # 0) déng bién, nghich bién trén

khoang D
ad —bc>0
e Ham s6 dong biéntrén D < y' >0, Vxe D =1{ 4 b
-—¢
c
ad —bc <0
* Ham s nghich bién trén D < y'<0,Vxe D <4 4 o
——¢
c
4. Tiém can
e Ham s c6 hai duong tiém can

A A a cA A .
* Tiém can ngang: y =— (hai h¢ so cia x chia cho nhau)
c

A A d A x4
* Tiém cin dirng: x =—— (nghiém cua mau so6 = 0)
c

A . N . L2 N “a N d a N N L
* Do thi nhéan giao diém 2 duong tiém can IE——;—) lam tam doi xung.
c c
* Nhan 2 duong phan giac cua cac goc tao badi tiém can ding va tiém can ngang lam truc
doi xung.
5. Cac bai todn min, max
ax+b

Cho ham s y = 6 dd thi (C).

ox+
Pua cong thirc ham vé dang chinh tic: Dat
X=x- Xtiém can Tir s6 cua dao ham  k
Y _ = Y = — > = -
= Y — Vtiém can ceX X

Bai toan 1: Tim gi4 tri nho nhat cta tong khoang cach tir 1 diém thudc do thi téi 2 duong
tiém can la:

2 2
D=\X*+Y? =,/X2+%24/2 /Xz% = J2|K|

(Ap dung bét dang thirc Cosi cho 2 s6 khong 4m)
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Déu “=” xdy ra khi va chi khi X* =k* & X* =|k| & X =+,[K|

ax+b

Bai toan 2: Cho ham phan thic: y = tiép tuyén tai tiép diém M cit tiém can dung,

cxX +

tiém can ngang lan lugt & 4 va B thi:

e M lubn la trung diém ciia AB

* Dién tich AZ4B khong ddi:

2
S,z = C—2|ad —bc| .

e Chuvi AIAB nho nhét khi
M = Truc ddi xung M Do thi ham sé.

(I 14 giao diém cta 2 duong tiém can)

Sunp ugd wdn,

Bai todn 3: Cho ham s6 y =&~ 2 (c#0,ad —bc #0) c6 db thi (C). Hay tim trén (C)
cx +

hai diém A va B thudc hai nhanh d6 thi ham s6 sao cho khoang cach AB ngin nhit.

* Taco: AB,, =+[8|k|. Xay rakhi va chi khi < X, =—X, = JA|.

z 2
£ Xa = Ikl =
S~ a
& 7, A Nz
o 2 ‘% 31 >
£ N [73 = ‘\\b" o
« = g >
= A Na Y Ty NS
x/) /){ = & \__‘\u.
e’ >0
Tiém cén ngang
Tiém cdn ngang
B 1B,
min
k
Y =—
X
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3. Khdi tron xoay sinh ra bdéi
Parabol

V=l;zR2h
2

4. Khdi tron xoay sinh ra bdi Elip
Thé tich khdi tron xoay khi quay hinh phing
gi61 han boi Elip

® Quanh tryc hoanh Ox: V = %ﬁabz

® Quanh tryc tung Oy : ¥V = %ﬂazb

5. Thé tich khdi cau

6. Thé tich nén

V= lm’zh
3

7. Thé tich tru

V =nr*h

8. Thé tich chiéc phao hinh xuyén
Cai phao c6 ban kinh R va » nhu hinh vé co
thé tich la

V =27r'R
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9. Thé tich chém cdu

Choém cau ¢6 ban kinh dy bang ¢ va chiéu

h?

V= E (3r—h)

cao bang 4 cit ra boi hinh cau ¢ ban kinh 7 .

10. Thé tich hinh ném
Hinh ném (nhu hinh v€) c6 cac kich thudc R,

hvagoéc a .

vV =£R2h = ER3 tan o
3 3

11. Céng thic khdi Steinmetz
Phan giao giira % hai hinh tru vuéng géc,

cung ban kinh R c6 thé tich
2R’

V =

Phan giao giira hai hinh try vuéng goc, cting
ban kinh R c6 thé tich:

_16R°
3

y

VIl - PHUONG TRINH CUA MOT SO PUGNG CO BAN AP DUNG VAO

BAI TOAN THUC TE

a) Pudng théng
Phuong trinh dudng thang: y = ax+b .
b) Parabol

Phuong trinh parabol: y = ax® + bx +c.

- Néu parabol c6 dinh nam trén truc Oy thi Parabol ¢6 dang y = ax® +c .

- Néu parabol c6 dinh la goc toa dé thi Parabol c¢é dang y = ax” .
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c) Parabol xoay ngang

x=ay’ +by+c (a#0)

Néu a>0 Parabol huéng bé 16m theo | Néu a <0 Parabol huéng bé 16m theo

chiéu duong cua truc Ox. chiéu am cua truc Ox.

. A b
Truc doi xung cua Parabol y = _b . Toa d6 dinh I(——;—— .
2a 4da  2a

c) budng tron

Phuong trinh dudng tron tim /(a;b), ban kinh R :

(x—at)2+(y—b)2 =R’

Phwong trinh phan trai, phai ciia duwdng tron

(x—a)+(@y—-b2=R?2=> (x—a)>=R%2—(y—0b)2

>r—a=1yR2—(y—b?2=>z=a++/R%— (y—0b)?

Phén dudng tron bén phai
duong thangx =a =2z > a
=>z—a=+R2—(y—0)?

=>z=a++/R2— (y—0)2

Phan duong tron bén trai
duongthangz =a =2 < a
o r—a=—EE (G-
=>z=a—+/R2— (y—b)?
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Phwong trinh phén trén, dwéi ciia dwong tron
(- ay +(y— b = B2 = (y— b’ = B’ — (3 — a)?
>y—b=+y/R2—(z—a)2=>y=bt+/R?— (z—a)?
Phan dudng tron bén trén dudng thingy =b =y > b
>y—b=yR2—(z—a)?=>y=b++/R%2—(z—a)?

Phan dudng tron bén duéi dudng thingy =b=y < b

> y—b=—/RP—@—af > y=b—yR—(o—aF

d) Elip
xZ yZ
Trong mit phang toa d6 Oxy , elip c6 phuong trinh chinh tic la: 5t i =1.
a
2 YA
® Hai tiéu diém: F( —c; 0) (c 0) v6i c=+a’ —b’

e Ticucy: £ F, =2c _\f
® Do dai truc 16n 1a 2a , @6 dai truc nho 1a 25 \ . ;
1 B ﬁ

® MF, + MF, =2a v6i M 1a mét diém bat ki thudc elip
Phuong trinh phan trai, phai cua elip
B2

2
AN PPN az(l_y_ m—i

k

Phan dudng elip bén trai truc tung < 0 /- -\hin dudng elip bén phai tryc tung = > 0:
: [ 2
T =— a2<1 zz) \ z z= a2<1—g—2>
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7. Ti s6 thé tich trong khdi chép tam gidc (Céng thiic Simson)

Vi o SA SB SC
Al
Cl
A C
B

8. Ti 56 thé tich trong khdi chép ti gide
Cho khdi chop tir gide S.ABCD c6 day 1a hinh binh hanh.
Mot mit phang cit cac canh SA4, SB, SC, SD lan luot tai

M, N, P, Q saochoi—Aj:x SN _ o SP_ SO _

E) >

"B Y7 sc s

-
. Khi d6: M:M(l+l+l+1j

Vs ascp 4 \(x y z t
1111
va —+—=—+-—.
X z y t
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9. Ti s6 thé tich trong khdi Idng tru tam gidc
Cho khéi lang tru tam giac 4BC.A'B'C'. MOt mat phéng cit cac canh AA', BB', CC' lan

BN cP

>

Iuot tai M, N, P sao cho A—M:x, —=y, —
AA' BB’ cc’

V isc.amp _x ty+z

3

Khi doé:

VABC.A'B’C’

10. Ti s& thé tich trong khéi hop
Cho khéi hop ABCD.A'B'C'D’ . Mot mit phing cit cac canh AA4', BB', CC', DD' lan luot

. .2 AM BN D .
tai cac diém M, N, P, Q saocho —=x, — =1y, 2=z, —ta.Khldé:
AA BB’ cc’ DD’

VABCD.MNPQ _ x+y+z+t
4

VABCD.A'B 'C'D'

s m
N —
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Loi gii
a) Khoang bién thién: R =45-25=20
G tri dai dién 25+30 30+35 35+40 40 +45
2 2 2 2
Thoi gian (phit) [25;30) [30;35) [35;40) [40;45)
S6 hoc sinh 8 16 4 2
Tan so tich liy 8 24 28 30

® Tim nhém chira Q: 30.0,25=7,5, suy ra O, thudc nhém [25;30)

Khido: O, = 25+w.5 =29,6875

* Tim nhém chira Q,: 30.0,5=15, suy ra Q, thudc nhém [30;35)

Khi do: Q, = 30+%.5 =32,1875

® Tim nhém chira Q,: 30.0,75=22,5, suy ra O, thugc nhom [30;35)
Khi dé: Q, = 30+%.5 =34,53125

Khoang ti phan vi: A, =0, -0, =4,84375

b)
Bat tan sb: ENIGE . o Freq
Nhap gié tri dai dién va tan s cia mdi nhom vao | | 2 22-3| 1%
méy tinh: FEN) (6] (4] 3
Bam [P (3)
Poc két qui: z 37,5 h i
® Phuong sai: 62X =16.66666667 e =975
1A z - EeZ o =32187.5
® P§ 1éch chuan: 6% =4.082482905 Pt =16, EEBEEEET
Ta thiy gid tri 0,,0,,0, trong méy tinh khong L P e
<\ rs A , \ 5 ) r A =
t;uné VQO’I (}ilautn;utt) Lnao Acuath?ac nhém nén i _ %I.:IIEEE?E‘HE'E
,0,, ai tinh bang cong thuc. n. =
125 P gcong minc=y =27,
L1y =27.5
Med  =32.5
[z =32.5
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5. Phuong phap ‘budc chun’ trong hoan vi

Yéu cau mot sb dbi tugng phai luén ¢ canh nhau

Bude 1. Gom cac dbi twong phai "dung canh nhau" thanh mot khdi (goi 1a 1 dbi tuong duy

nhét).

Budre 2. Tinh sb cach sap xép cac dbi twong khac va khéi do.

Bude 3. Tinh s6 cach hoan vi bén trong timg khi.

Budrc 4. Nhan két qua & bude 2 va bude 3 lai.

6. Phuong phap vach ngan

Yéu cau sip xép dbi tuong khong dimg canh nhau.

Buéc 1. Tao cac khoang tréng giita cac ddi twong lam "vach ngan".

Bude 2. Xac dinh sb lugng phan tir can dat vao moi khoang.

Buéc 3. Duing cong thirc to hop dé tinh s6 cach chon cac vach ngin hodc phén tir.

7. Céng thic dém néng cao

Nhom dbi — Khi nio ding? ——
tuwgng - (T kh6a nhan dién) -
Sap xép tt ca n vat khac
Hoan vi pXeP o P =n!
nhau vao n cho.
Sép xép ‘Hoan vi Sap xép n vat thanh mét 0 = (n _ 1),
. vong quanh | vong tron.
thur ty
< Sép xép n vat nhung co cac n!
(Lay k=n) | Hoan vilap p P; i & ﬂ(nl,nz...):
nhom giong hét nhau. n!n,!
Khoéng co6 vat nao ¢ ding vi tri n (_ 1)/‘
Hodn visai | pan dau (xép nham). D, =n! R
k=0 .
Chon k vattlr n vatvaco xép k n!
) Chinh hgp th t 4, = Jall
Chon va xép uhr. (n—k)!
thir ty Chinh hop | Chon k vat, c6 thtr tu, mot vat g
lap c6 thé chon lai. !
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) Chon mdt nhom £ vat, khong ‘ n!
TOhoP | uan tam ther ty. "R (n—k)!
Chon/chia Vach .ngin Chia’n kec') cho k& tré, mdi tré C,f__ll
va khong (loai 1) | ftnhat 1 cai.
xép thir tu Vachngan | Chia n keo cho k tré, co tré -
(loai2) | co thé khong co. e
Téhop lap | Chon k vat tir n loai, khong ct
thit tu, c6 lp. e
B6 dé Chon k vat tr n vat hang ct
Chon khong | Kaplanskyl | ngang khong canh nhau. (.
ké nhau B6 dé Chon £ vattr n vat vong tron no
Kaplansky2 | khong canh nhau. n—k """

1. Cong thiic khai trién nhi thiic Newton

V6imoi neN va véi moi cap s a,b , ta co:

ch nkbk

a+b

2. Tinh chét

= S cac s6 hang cua khai trién bang n+1.

= S hang tong quat c6 dang: |T,,, =CX.a"*b*|, keN
= Céc hé sb cia cac cip sb hang cach déu sb hang dau va cubi thi bang nhau:
ch=cr*.
A 0 _mo 1. kel k k
bacbiét: C, =C' =1; C;7 +C, =C,,,.

v" Nhan xét: Néu trong khai trién nhj thirc Newton, ta gan cho a va b nhiing gia tri dac
biét thi ta s€ thu duoc nhitng cong thirc dac biét.

= (x+]) =CX"+Cx" 4 C
Cho x=1 =C'+C +..+C' =2"

= (x-1)' =Cx"-Cx L+ (-1) C
Cho x=1 =C, -C, +..+(-1)"Cl =0

@ ssstuovvN
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